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1. Introduction
A traditional Lotka–Volterra system with delays takes the following form:
dxi(t)
dt
= xi(t)

ri +
n
j=1
aijxj(t)+
n
j=1
bijxj(t − τij)+
n
j=1
cij
 0
−∞
xj(t + θ)dµij(θ)

, (1)
where xi(t) is the ith population density at time t; ri represents the intrinsic growth rate of the ith species; τij ≥ 0; µij(θ) is
a probability measure on (−∞, 0], 1 ≤ i, j ≤ n. For more details of system (1), we refer the interested reader to the books
by Gopalsamy [1] and Kuang [2].
Suppose that there is an equilibrium position x∗ = (x∗1, x∗2, . . . , x∗n)T of system (1), then model (1) becomes
dxi(t)
dt
= xi(t)

n
j=1
aij

xj(t)− x∗j
+ n
j=1
bij

xj(t − τij)− x∗j
+ n
j=1
cij
 0
−∞

xj(t + θ)− x∗j

dµij(θ)

. (2)
On the other hand, in theworld, population systems are inevitably subjected to the environmental noises (see e.g. [3–5]).
May [6] pointed out that due to environmental fluctuation, the birth rate, carrying capacity, competition coefficients and
other parameters involved with the system exhibit random fluctuation to a greater or lesser extent (see e.g. [7]).
Assume that the white noise affects ri mainly, then by the central limit theorem, the error term follows a normal
distribution and it is sometimes dependent on how much the current population sizes differ from the equilibrium position
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(see e.g. [4,8,9]), i.e., we can replace the rate ri by an average value plus a random fluctuation term ri + σi(xi − x∗i )B˙i(t) (see
e.g. [7]). Recently, Liu and Wang [7] have studied the following stochastic Lotka–Volterra system with infinite delays
dxi(t) = xi(t)

ri +
n
j=1
aijxj(t)+
n
j=1
bijxj(t − τij)+
n
j=1
cij
 0
−∞
xj(t + θ)dµij(θ)

dt
+ σixi(t)(xi(t)− x∗i )dBi(t), 1 ≤ i ≤ n, (3)
where σ 2i denotes the intensity of the noise and B˙i(t) is a standard white noise, namely Bi(t) is a standard Brownian motion
defined on a complete probability space (Ω,F ,P )with a filtration {Ft}t∈R+ satisfying the usual conditions.
However, in the natural ecosystem, the parameters aij, bij and cij are also affected by the white noise, by the same way,
aij, bij and cij will become aij → aij+αij(xi− x∗i )B˙i(t), bij → bij+βij(xi− x∗i )B˙i(t) and cij → cij+ γij(xi− x∗i )B˙i(t). Motivated
by the works mentioned above, in this paper, we consider a more general Lotka–Volterra system with delays
dxi(t) = xi(t)

ri +
n
j=1
aijxj(t)+
n
j=1
bijxj(t − τij)+
n
j=1
cij
 0
−∞
xj(t + θ)dµij(θ)

dt
+ σixi(t)(xi(t)− x∗i )dBi(t)+ xi(t)
n
j=1
αijxj(t)(xi(t)− x∗i )dBi(t)
+ xi(t)
n
j=1
βijxj(t − τij)(xi(t)− x∗i )dBi(t)
+ xi(t)
n
j=1
γij
 0
−∞
xj(t + θ)dµij(θ)(xi(t)− x∗i )dBi(t), 1 ≤ i ≤ n. (4)
For more biological significance of the above model, we refer the reader to [3,4].
2. Main results
Since xi(t) in model (4) represents the population density, it must be nonnegative. In the following study, we first give
some conditions under which model (4) has a global positive solution.
Lemma 2.1. To Eq. (4), for any initial value ξ(θ) ∈ BC((−∞, 0], Rn+), there is a unique global solution x(t) on R a.s., where
BC((−∞, 0], Rn+) represents the set of bounded and continuous functions from (−∞, 0] to Rn+ with the norm ∥ξ∥ =
supθ≤0 |ξ(θ)|.
Proof. As the proof is similar to that in [7], we omit it here. 
Theorem 2.1. If there are positive numbers d1, d2, . . . , dn such that D¯A+ AT D¯ is negative definite, then x∗ in Eq. (4) is globally
asymptotically stable almost surely (a.s.), i.e., a.s., 1 ≤ i ≤ n. Here D¯ = diag(d1, d2, . . . , dn), A = (δij)n×n, δij = aij if i ≠ j,
δii = aii + 0.5x∗i
σ 2i + K

n
j=1
αij
2
+ K

n
j=1
βij
2
+ K

n
j=1
γij
2
+ 0.5

n
j=1
|bij| +
n
j=1
|cij| +
n
j=1
dj
di
|bji| +
n
j=1
dj
di
|cji|

,
where K = (∥x∥ + ∥ξ∥)2.
Proof. The following proof is motivated by the work of Liu and Wang [7]. Now, we define V1(x) = ni=1 di[xi − x∗i −
x∗i ln(xi/x
∗
i )]. An application of the well-known Itô’s formula to Eq. (4) results in
LV1(x) =
n
i=1
di

1− x
∗
i
xi

xi

ri +
n
j=1
aijxj +
n
j=1
bijxj(t − τij)
+
n
j=1
cij
 0
−∞
xj(t + θ)dµij(θ)

+ 0.5
n
i=1
di
x∗i
x2i
σ 2i x
2
i (xi − x∗i )2
+ 0.5
n
i=1
di
x∗i
x2i
x2i

n
j=1
αijxj
2
(xi − x∗i )2 + 0.5
n
i=1
di
x∗i
x2i
x2i

n
j=1
βijxj(t − τij)
2
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× (xi − x∗i )2 + 0.5
n
i=1
di
x∗i
x2i
x2i

n
j=1
γij
 0
−∞
xj(t + θ)dµij(θ)
2
(xi − x∗i )2
=
n
i=1
di

n
j=1
aij(xi − x∗i )(xj − x∗j )+
n
j=1
bij(xi − x∗i )(xj(t − τij)− x∗j )
+
n
j=1
cij
 0
−∞
(xi − x∗i )(xj(t + θ)− x∗j )dµij(θ)

+ 0.5
n
i=1
dix∗i (xi − x∗i )2
×
σ 2i +

n
j=1
αijxj
2
+

n
j=1
βijxj(t − τij)
2
+

n
j=1
γij
 0
−∞
xj(t + θ)dµij(θ)
2
≤
n
i=1
di
aii + 0.5x∗i
σ 2i + K

n
j=1
αij
2
+ K

n
j=1
βij
2
+ K

n
j=1
γij
2
+ 0.5
n
j=1
|bij| + 0.5
n
j=1
|cij|
 (xi − x∗i )2 + n
j=1,j≠i
aij(xi − x∗i )(xj − x∗j )
+ 0.5
n
j=1
|bij|(xj(t − τij)− x∗j )2 + 0.5
n
j=1
|cij|
 0
−∞
(xj(t + θ)− x∗j )dµij(θ)
2 .
Then define
V2(t) = 0.5
n
i=1
n
j=1
di|bij|
 t
t−τij
(xj(s)− x∗j )2ds;
V3(t) = 0.5
n
i=1
n
j=1
di|cij|
 0
−∞
 t
t+θ
(xj(s)− x∗j )2dsdµij(θ).
Then
LV2(t) = 0.5
n
i=1
n
j=1
di|bij|(xj(t)− x∗j )2 − 0.5
n
i=1
n
j=1
di|bij|(xj(t − τij)− x∗j )2
= 0.5
n
i=1
n
j=1
dj|bji|(xi(t)− x∗i )2 − 0.5
n
i=1
n
j=1
di|bij|(xj(t − τij)− x∗j )2.
And
LV3(t) = 0.5
n
i=1
n
j=1
di|cij|(xj(t)− x∗j )2 − 0.5
n
i=1
n
j=1
di|cij|
 0
−∞
(xj(t + θ)− x∗j )2dµij(θ)
= 0.5
n
i=1
n
j=1
dj|cji|(xi(t)− x∗i )2 − 0.5
n
i=1
n
j=1
di|cij|
 0
−∞
(xj(t + θ)− x∗j )2dµij(θ).
Define V (t, x) = V1(x)+ V2(t)+ V3(t), then we obtain from the Hölder inequality
LV (t, x) ≤
n
i=1
di
aii + 0.5x∗i
σ 2i + K

n
j=1
αij
2
+ K

n
j=1
βij
2
+ K

n
j=1
γij
2
+ 0.5
 n
j=1
|bji| +
n
j=1
|cji|
 (xi − x∗i )2 + n
j=1,j≠i
aij(xi − x∗i )(xj − x∗j )
+ 0.5
n
j=1
|bij|(xj(t − τij)− x∗j )2 + 0.5
n
j=1
|cij|
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×
 0
−∞
(xj(t + θ)− x∗j )2dµij(θ)
+ 0.5 n
i=1
n
j=1
dj|bji|(xi(t)− x∗i )2
− 0.5
n
i=1
n
j=1
di|bij|(xj(t − τij)− x∗j )2 + 0.5
n
i=1
n
j=1
dj|cji|(xi(t)− x∗i )2
− 0.5
n
i=1
n
j=1
di|cij|
 0
−∞
(xj(t + θ)− x∗j )2dµij(θ)
=
n
i=1
di
aii + 0.5x∗i
σ 2i + K

n
j=1
αij
2
+ K

n
j=1
βij
2
+ K

n
j=1
γij
2
+ 0.5
n
j=1
|bij| + 0.5
n
j=1
|cij| + 0.5
n
j=1
dj
di
|bji| +
n
j=1
dj
di
|cji|
 (xi − x∗i )2
+
n
j=1,j≠i
aij(xi − x∗i )(xj − x∗j )

= 0.5(x− x∗)(D¯A+ AT D¯)(x− x∗)T .
By the assumption of D¯A + AT D¯ being negative definite, we have that LV (t, x) < 0 along all trajectories in Rn+ except x∗.
Then we obtain the desired assertion. 
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